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01 WHY USE PER UNIT SYSTEMS

Fundamental to any power system analysis is the know-how of per unit systems. This metric is
widely used to describe voltages, currents, and impedances in a power system. This book,
supplemented by plenty of examples, will explain how to calculate these parameters for any

component anywhere in the power system. Let’s begin with why use per unit systems.

1. Transformers and per unit systems

The reason the per unit system is employed is because it simplifies calculation of voltages,
currents, and impedances of a power system network. Imagine a 3-phase system with a
generator, a transformer, a T-line, another transformer, and a load. Every time you cross the
transformers, the currents and voltages change. The impedance of the transformer referred
to the primary side is different from the impedance of the same transformer referred to the
secondary side. It is imperative to use the appropriate impedance based on which side of the

transformer you are on, which if not accounted for, introduces serious calculation errors.

Using actual values is fine if not for the transformers. They complicate matters. Generators
and motors, like transformers, have different impedance when referred to either stator or

rotor winding.

Deriving a per unit impedance values for these components enables easy calculation. This is
because the per unit value remains the same whether you are on the primary side or the

secondary side of the equipment.

2. The V3 factor

The second factor in choosing per unit systems is the avoidance of \/§ factor in the
calculations. If you have ever tried calculating either the sending end voltage or the receiving
end voltage in a system, you would know how important it is to factor in

the V3 multiplier. This is because the voltages are always specified in phase to phase (L-L)
values while the voltage drop across the impedances are calculated on per phase (L-N) basis.

You will have to use V3 factor extensively to switch between L-L and L-N values.
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When using the per unit system, a 3-phase balanced network is reduced to a 1-phase

equivalent where the V3isn’t even in the picture.

3. Intuition enabler

The third factor is the meaning expressed by the per unit values. Look at the figure below.

Va = 1.05 pu Vb= 0.95 pu
Z1
@_ AN
— M ——] |
enerator z2 73
== Vc=1pu
Load

Figure 1: Voltage Per Unit

What does it tell about the system voltage profile? The generator is generating 5% above
rated voltage. The load at bus C has no drop in voltage (1 pu) while the load at bus B sees 5%
drop in voltage. Essentially, the voltage drops as you move away from the generator and
closer to the load. It is easier to visualize this using per units than using actual values since

the per unit values are normalized.
Also, someone with experience knows what the per unit values, especially impedance, of
certain transformers or other devices in the system could be. It is easier for them to analyze

the power network by making reasonable assumptions.

Other factors for employing per unit system include



01 WHY USE PER UNIT SYSTEMS

e enables the use of symmetrical components.

e widely used by manufacturers to specify their equipment — making it easy for direct

analysis.

At this point it is sufficing to say the per unit system is indispensable in analyzing the power

system



02 EQUATIONS

No. Equation Comments
2 Normally per unit impedance of equipment is
1 B MV A ew kV,14 nally per | p quipr
Zpunew = Zpuold X X furnished on its nameplate S and V rating. Use
MVAold kVnew ; ; i
this equation to calculate new impedance when
either one or both ratings need to change to
another base.
2 MV Apgse Useful in calculating transmission line per unit
Zpu =Zg X k12 impedance. Plug in line impedance in ohms and
b
ase the desired Spase and Vpase.
KV
Where, Zpgse = ——24se-
MVApgse
3 s Calculate the new Vpase On the secondary side of
Vsecbase = Vpribase X N_p transformer provided a Vpase is selected on the
primary side or vice versa. See solved problems 1
Since voltage developed in transformer is proportional | ©f 2.
to turns ratio
Vs
Vsecbase = Vpribase X 7~
VP
4 7 Zactual Formula for per unit quantity. The same applies
pu = for calculating V, I, or S in per unit.
Zpase gV, 1l p
5 N, 2 Use this formula to transfer the impedance on
Zpri_referred = (N_) X ZSec_impedance the secondary side of transformer to the primary
2 side.

6 A — T, A balanced A load can be converted to a
balanced Y load using this equation. Also, the line
current entering Y will be equal to that entering
delta. The phase angles are not affected and
remain the same.

2 A balanced Y can be converted into A using this
same expression.
W =Y convession
See solved problem 5.
7, =2
73
7 Vig = \/§Van4+ 30° In a balanced Y connected load, line-to-line

Vec = V3Vpn2 + 30°

voltages are v/3 times line-to-neutral and lead by
30°.
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Vea = V3Vt + 30°

complex power:

S3p = V3V I} = Psg +jQ3p = V3V, I, cos @ +

jV3V,.I, sin @

In a balanced A connected load, line currents

into the load are +/3 times the A-load currents
and lag by 30°.

@ is the angle between voltage and current.

In purely resistive network, current is in phase

with voltage. Therefore @=0. In inductive
network, current lags voltage. In capacitive
network, current leads voltage.

See solved problem 4.

Equation to calculate impedance of a single phase
three-winding transformer

T

m
<
000

ULy
MANL «

Ze Zs
Zr

Single Phase “Three w.na.(ﬁ

1

Zp = E(ZPS + Zpr — Zsr)
1

Zs = > (Zps + Zsr — Zpr)

1
Zr = > (Zpr + Zsr — Zps)

Here,

Zps= per unit leakage impedance measured from
primary winding, with secondary shorted and
tertiary open

Zpt= per unit leakage impedance measured from
primary winding, with tertiary shorted and
secondary open

Zst= per unit leakage impedance measured from
secondary winding, with tertiary shorted and
primary open

These impedances (Zps, Zpt & Zst) can be obtained
from the transformer manufacturer based on
their short-circuit tests pursuant to IEEE
standards.
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~

For the problems solved below, few general assumptions need to be made about the power
system. These may be reiterated in the question.

1. Line shunt capacitance of a transmission line is neglected.
2. Magnetizing reactance of transformer is ignored. Only leakage reactance is used in the
per unit impedance drawings. /

NG

Question 1:

A generator and its step-up transformer are shown. The (direct-axis) sub-transient reactance
of generator (in per unit) and transformer impedance (in per unit) are provided. Both per unit
impedances are based on their nameplate rating. Calculate equivalent impedance of this
system using Spase =100MVA and Vpase=132kV.

%—) T 'i’u»ugnd

Geretate? “ansgevmet
MVA o MVA

50 i 12.8: 138KV (Tapped @ 13.20V)
7("'3'3‘57 Zz: (YA

d = A

Zevdwa\e.ﬂ‘t
To foues at'w\
Solution:

The challenge with this problem is both impedances are based on equipment nameplate. Also,
the Vpase specified is different from that of the transformer’s voltage rating. The goal
therefore is to convert the given impedances to new ones based on new Spase and Vpase ratings.

With the transformer bank operating on its 13.2kV tap, the low-side base voltage
corresponding to the 132kV high-side base (using equation 3) is:
kVy 132

7 = T35 O MVivbase = 12.626kV
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12.62kV is the new base voltage in the 13.8kV portion of the system.
The new pu impedance based on equation (7) from chapter 2 is

100 x 13.82

Y -3)) Bt
Xa = 25% X o517 6262

= 60% or 0.6pu

on 100MVA 12.626KV base
or on 100MVA 132kV base
Similarly, the transformer impedance on the new base is

o 100, x 100 % 13.22 L0y x 100 % 1382
TR0 T 60 x 126262 0 " 760 x 1322

= 18.22% or 0.182pu
on 100MVA 12.626KkV base
or on 100MVA 132kV base
The equivalent impedance is

Zequivalent = 0.6pu + 0.182pu = 0.782pu on a 100MV A 132kV base
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Question 2:

For the power system shown below, draw the per unit impedance circuit. Select the generator
S and V ratings as the base quantities.

“Tranalormer T Tooskrnee T2 MoToR |
“OMVA) 22: 35w oMV R, 345:32KY —® Sg:dvl\ll
X1 = 107 _ H1a = 07, e
T -~
3¢ e 3 e
20MVA
Qeneyatet é g TTooy 3 E ) xi=z0%
ZokV
..4( MoTeR 3
[OOMVA A = A @ goMVA
33‘(\/ x.'l'-,‘zlok
( o 2ok
%a =57,

Solution:

With base values as 100MVA and 33kV in the generator circuit, the p.u. reactance of
generator will be 15% or 0.15pu.

Let’s determine the base voltages for the transmission line and for the motors.

The base value of voltage in the line (using equation 3) will be
33 X 3 _ 355.78kV
32 77
In the motor circuit,
355.78 X 32 _ 33kV
' 345

The reactance of transformers T1 and T2 is 8% corresponding to 110MVA, 32kV. Therefore,
corresponding to new Spase = 100MVA and Vpase = 33kV, the p.u. reactance using equation (7)

will be
0.08 100 (32 2 =0.06838
8 X 110~ 33) e pu
) . . ) 200 x 100
The p.u. impedance of line using equation (2) = G578 0.158pu

100

2
The p.u. reactance of motor1= 0.2 X — X (2) = 0.5509pu
30 33



Motor 2 = 0.2 X

Motor 3 = 0.2 X
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100

20

100

50

X (%)2 = 0.826pu

X (g)2 = 0.3305pu

The reactance diagram for the system is shown in figure:

015 P

0-06838 pu

0.158 pv

0-06833 pv

0-5509 pv

03305 pv

0-826 PV
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Question 3:

Three single phase, two-winding transformers, each rated 25 MVA, 7.2/4.16kV, are connected to form a
three-phase Y-A bank with a balanced Y connected resistive load of 0.6Q2 per phase on the low voltage
side. By choosing a base of 75MVA (three phase) and 12.47kV(line-to-line) for the high voltage side of the
transformer bank, specify the base quantities for the low-voltage side. Then determine the load
resistance of R; in ohms referred to the high-voltage side and the per-unit value of this load resistance on
the chosen base.

—— N
Y-A Txanspexmes Load
lQ.u% ¢ 46 WY

Solution:
The L-L voltage on the high-side transformer is V3 (7.2) = 12.47kV (V,_, = V3V,_y)

The 3-phase transformer rating: 75 MVA (S3g = 3 X S;¢), 12.47Y/4.16A kV.

(4.16)?

Base impedance for the low-voltage side (using equation 2) is =0.2310Q

On the low-voltage side (using equation 4), R}, = % = 2.6 pu

Base impedance on high-voltage side is % = 2.07Q

The resistance referred to high voltage side (using equation 5) is 0.6 (%)2 = 5.39Q
OrR, = 222 = 2.6 puon 75MVA and 12.47kV base

207
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Question 4:

A single-phase 50kVA, 2400/240volt, 60Hz distribution transformer is used as a step-down
transformer at the load end of a 2400-volt feeder whose series impedance is (1.0+j2.0) ohmes.
The equivalent series impedance of the transformer (1.0 +j2.5) ohms referred to the high-
voltage (primary) side. The transformer is delivering 1 per unit current at 0.8 power factor
lagging and at rated secondary voltage. Neglecting the transformer exciting current,
determine (a) the voltage at the transformer primary terminals, (b) the voltage at the sending
end of the feeder, and (c) the real and reactive power delivered to the sending end of the
feeder. (d) Using the transformer ratings as base quantities, work the problem in per-unit.

\/Q \fl, \/T
Itiza LDO&J
F{‘: O
@ RuoVvic
|¢-50\<\Iﬂ
c?%o/&uo\lﬂc

Z: | +i25
(Vejpries Ao ¥e)

Solution:

On secondary side of transformer, assume V;,,q4 = 1.0 Z0°pu

At 0.8 power factor, the current lags behind voltage by cos™ 0.8 =/ — 36.87°
Therefore I}, ,, = 1.0 £ — 36.87° pu

On primary side of transformer,

Spase=50KVA

Vbase=2400V

2.4

Therefore (using equation 2) Zpgse pri = 505 115.2Q
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Transformer impedance in pu = %:; = 8.6806 X 1073 +2.1701 x 1072 pu
Line impedance in puzi:—;; = 8.68.06 X 1073 + j1.736 X 1072 pu
The equivalent network:

8.¢806 X107 pw 26806 10 pu ‘I" z loL-3sT

Ng

(

(

I
|
T I Vo, = 1-OLS
<~ Ve ! E
|
I
|
I
I
|

—-
Zoned Zore 2
Siax © 50 kVA \’Bc.m. = 4oV
s 21100\/

\/basu
Zuwr 2 520

a) Vop = Vyoap + Vy = 1.0 £0° + (8.6803 x 1073 +,2.1701 x 1072)(1.0 ~ — 36.87°)

= 1.0 +0.023373 £31.33° = 1.01997 + j0.012157
= 1.020£0.683° pu

Viact = VpuVhase = (1.020 £ 0.683°) (2400) = 244820.683° volts

b) Vop = Vioap + Zr + Z )1, = Vs py = 1.0 £0° + (1.7631 x 1072 + j 3.9063 X
1072)(1.0 £ — 36.87°)
= 1.0 + 0.042747 £29.168°
= 1.03733 4 0.020833

Vs pu = 1.0375 £1.1505° pu

Vsact = Vs pu X Vpase = (1.0375 £ 1.1505°) (2400) = 2490£1.1505° volts

(c) Ps pu + Qs pu = Vg_pu X Tz_pu = (1.0375 £ 1.1505°)(1.0 £ + 36.87°) (using equation 7)
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In a power system, for a load, when P and Q are positive it means the load absorbs both
active (P) and reactive (Q) power. If either P or Q is negative, it means the load is producing P
or Q.

For a generator, the convention is exactly the opposite. P and Q are positive when generator
is producing and injecting P or Q into the network. If P is negative then it is absorbing active
power. If Q is negative then it is absorbing reactive power.

In this problem both P and Q are positive for the generator, shown below.
Ps py + Qs py = 1.0375 £38.02° = 0.8173 +j0.6390 per unit

In actual units, using equation 4,

P, = (0.8173)(50) = 40.87kW delivered

Qs = (0.6390)(50) = 31.95kVars delivered
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Question 5:

A balanced Y-connected voltage source with E,, = 277 £0°volts is applied to a balanced Y-load in
parallel with a balanced-A load, where Zy = 30 + j10 and Z, = 45 — j250hms. The Y load is solidly
grounded. Using base values of Spgge1 = SkVA and Vyggerny = 277 volts, calculate the source

current I, in per-unit and in amperes.

>
Za
(5o
on_—; .
KXFF/[oV =
k5-j250

Sbu(ce

Solution:

5000

772 . .
Zpase = 000 = 15.346Q (using equation 2);  Iygee = Py 18.05A

2

Zripu = Sei=1955+]0.652 = 2.061£18.43°u
- _ a5-j25 , B S
Ty = sl = 0.9775 — j0.543 = 1.118./ — 29.05%u

(Note that the delta load was changed to equivalent Y in the above calculation using equation 6)

Ml

Po
|-as5

fh 2 3
Vi = 12070 ("D h joss2 o
N

0:9335pv

_jo{";
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_ VSl pu

1 . ey
e EY1 pu ”EAlpu

120°
T (2.061./18.43°)(1.118/-29.05°)
(1.955 +j0.652)+ (0.9775—j0.543)

= 1.274/12.74° pu

I actuat = T1pu Ipase = (1.274£12.74°)(18.05) = 22.99£12. 74°Amps
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Question 6:

Consider the single-line diagram of the power system shown in figure.

F50MVA FsoMVA
2oxv B [500kY Y Sooky Y/ 2ok &
X =0 Y1 = O\ pu

1 b YA Y A N
- jLion =
— 3} - (3¢ ]| G,
T —r1

Xy =0:2p0

Yol —©Y1

Genevotor 1 T j25a j1sa Ty
Z50MVA, 18KV (s ]
7(: = 0.2pV A “
1 A
. = Ya oY
Ya FeoMVA
F5oMA 1500 A, [1 = So0ky Y/ 20k A
oKV b/ sookY Y 500k Y 20wy Y 3 Ky, = O\ pu
Y13 = O X5 O:l pu @ \(
|S00MVA, 20KV
Xy=0.2¢

Neglecting resistance, transformer phase shift, and magnetizing reactance, draw the equivalent reactance
diagram. Use a base of 100MVA and 500kV for the 40-ohm line. Determine the per-unit reactances.

Solution:
Spase = 100 MV A

Vpasen = 500KV in transmission line zones

Vyasex = 500 X % = 20kV in motor/generator zones (using equation 3)

. " 18\2 (100 . .
Xg1 = Xg, =(0.2) (5) (ﬁ) = 0.0216 pu (using equation 1)

11 _ 100) (20) _ - i
X5 = (0.2) (1500) (20) = 0.01333 pu (using equation 1)

100

Xr1= Xrp = Xr3 = Xr4 = (0.10) (ﬁ

) = 0.01333 pu (using equation 1)
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Xrs = (0.10) (115—0000) = 0.00666 pu

(500)2
ZbaseH = W = 2500 Q

40
XLineao = 2500 0.016 pu

25
XLinezs = 5——==0.01 pu

2500
J-01333 J-oie J-01333 @
TIN A ATV
J-01333 J-ol J-01333
J-o1t6

J-ozte E

oJ Eg\?o

Lze0

Cf\P Ejl 4V)
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Question 7:

For the power system problem above, the synchronous motor absorbs 1200MW at 0.8 power factor
leading with the bus 3 voltage at 18kV. Determine the bus 1 and bus 2 voltages in kV. Assume that
generators 1 and 2 deliver equal real powers and equal reactive powers. Also assume a balanced three-
phase system with positive-sequence sources.

Solution:
k74 18 o o
Vipy = %LO =0.9£0° pu

T _  1200x103 -1 — o
I; = 7(W4cos (.8) =48.11£ + 36.87° kA

Note the positive angle for the current. This sign was chosen because the motor current was indicated as
leading. In other words, the motor is supplying VARs.

Spase 100 x 103

I = = = 2.887 kA
pasex \/§ X Vpase \/§ (20)

< 48.11 £36.87°

13pu = T =16.67 L36.87°pu

In this problem it is assumed Generator 1 and 2 deliver the same P and Q. This means the current
entering Bus 3 from Generator 1 and from Generator 2 is equal. In other words, Current I3 can be splitin
half, coming from bus 1 and bus 2.

_ . - 1- .
leu = V3pu + 13pu (]XTSpu) + E I3pu (]XLineZSpu +]XT3pu)

= = = - . XLineZSpu + XT3pu
leu = VZpu = V3pu + I3pu] (XTSpu + 2 )
Similarly

= = - . XLineZSpu + XT4pu

VZpu = V3pu + I3pu] (XTSpu + 2 )

Because XT3PU = XTAPU

.01 + .01333)

Vipu = Vapu = 0.920° + 16.67.236.87° (j) (.00666 + -

=.9+0.30555 £126.87° = 0.7167 + j0.2444 = 0.7572 £18.83° pu

Vi actual = V2 actuar = (0.7572)(20) = 15.14 kV (using equation 4)
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Question 8:

Three-single phase transformers, each rated at 10MVA 66.4/12.5kV, 60Hz, with an equivalent series
reactance of 0.12 per unit divided equally between primary and secondary, are connected in a three-
phase bank. The high-voltage windings are Y connected and their terminals are directly connected to a
115-kV three-phase bus. The secondary terminals are all shorted together. Find the currents entering the
high-voltage terminals if the low-voltage windings are (a) Y connected, (b) A connected.

N

Solution:

Spasesp = 30MVA

Vyi— = V3 X 66.4 = 115kV (using equation 7)

1.0£0°

Iypase = Ixpase = o1z - 8.333.£ — 90° pu (fault current in per unit)
012
= —»——»
IH I)(
Vp 6’) Short circuit

=1.0LPY Q_)

3
(@) Iyger = jgiﬁ)s = 0.1506kA ; Vipaser—s = 12.5v3 = 21.65kV

Iyoy = ——— = 0.8kA
Xaet ™ 91.65v3



03 PROBLEMS SOLVED

|[I5] = (8.333)(0.1506) = 1.255kA (using equation 4)

|Iy| = (8.333)(0.8) = 6.666kA (current on the low side too is calculated and presented here)

(b) Iygqee = 0.1506kA ; Viace = 12.5kV (Ina Delta V.. = Vi)

o — 30 x 103

V3 x 125
I = (8.333)(0.1506) = 1.255kA
Iy = (8.333)1.386 = 11.55kA

= 1.386kA

For a balanced three phase fault, regardless of transformer winding connection, the current as seen from
the high side is the same.
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Question 9:

The ratings of a three-phase three winding transformer are:

Primary (P): Y connected, 66kV, 20MVA
Secondary (S): Y connected 13.2kV, 15MVA
Tertiary (T): A connected, 2.3kV, 5SMVA

Neglecting windings resistances and exciting current, the per-unit leakage reactances are:
Xpg =0.08 on a 20MVA, 66kV base

Xpr =0.10 on a 20MVA, 66kV base

Xsr =0.09 on a 15MVA, 13.2kV base

(a) Determine the per-unit reactances Xp, Xs, X1 of the equivalent circuit on a 20MVA, 66kV base at the
primary terminals

(b) Purely resistive loads of a 12MW at 13.2kV and 5MW at 2.3kV are connected to the secondary and
tertiary sides of the transformer, respectively. Draw the per-unit impedance diagram, showing the

per-unit impedances on a 20MVA, 66kV base at the primary terminals

Solution:
(a) XPS = 0.08 pu
XPT = 010 pu

20\ [13.2\? . .
Xsr = 0.09 (E) (E) = 0.12 pu (using equation 1)

Xp = % (0.08 + 0.10 — 0.12) = 0.03 pu (using equation 8)

o3
[
|

; (0.08 + 0.12 — 0.10) = 0.05 pu

Xy = 2 (0.10 + 0.12 — 0.08) = 0.07 pu

(b) Forsingle phase load, Pig =V X I wherel = % Amps



2
oL R=1-Q
PIQ)
2
Ry = B2 — 14520
(13.2)2
Rs pase = o = 8.712Q
14.52
RS_PU = m = 1.667 pu
Jxe
—— v
J0.0% .
J¥TEi00F
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R

\

2
Ry = X = 10580
2
R pase = o = 0.26450
Rrpy = %;i = 4.0 pu (using equation 4)

IR
e
Jo-05

%VT’ 1667
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Question 10:

The ratings of a three-phase, three-winding transformer are:

Primary (P): Y connected, 66kV, 15MVA
Secondary (S): Y connected 13.2kV, 10MVA
Tertiary (T): A connected, 2.3kV, 5SMVA

Neglecting resistances and exciting current, the leakage reactances are:
Xpg =0.07 on a 15MVA, 66kV base

Xpr =0.09 on a 15MVA, 66kV base

Xsr =0.08 on a 10MVA, 13.2kV base

(a) Determine the per-unit reactances of the per-phase equivalent circuit using a base of 15MVA, 66kV
for the primary.

(b) Aninfinite bus, which is a constant voltage source, is connected to the primary of this transformer. A
7.5MVA, 13.2kV synchronous motor with subtransient reactance of 0.2 pu is connected to the
transformer secondary. A 5SMW 2.3kV three phase resistive load is connected to the tertiary.
Choosing a base of 66kV and 15MVA in the primary, draw the impedance diagram of the system in

per unit. Neglect transformer exciting current, phase shifts, and all resistances except resistive load.

Solution:

(@) Inthe primary circuit Spase = 1I5MVA and Vpase = 66kV

In the secondary circuit Spase = 15MVA and Vpase = 13.2kV
In the tertiary circuit Spase = 1I5MVA and Vpase = 2.3kV.

Because Xps and Xpr are derived using correct S and V base there is no need to change them.
However, X¢r is on a 10MVA base and is therefore modified to the new base as follows:

Xsp =008 X =012 0
With the bases specified, the per-unit reactances of the per-phase equivalent circuit are given by

Xp = 5 (j0.07 +0.09 — j0.12) = j0.02 pu
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X = = (j0.07 +j0.12 — j0.09) = j0.05 pu

N |-

S
ﬂ
Il
|

> (j0.09 +j0.12 — j0.07) = j0.07 pu

(b) On a base of 5SMVA 2.3kV in the tertiary, the resistance is 1.0pu.
On 15MVA 2.3kV, this resistance using equation 1is 1 X 1?5 = 3 pu.
For the motor, on a base of 15MVA 13.2kV the per unit reactance is,

" 15
X; =02 XE—0.4pu
Jxe JXs

J0.05

JiTE0.0F job

Re=30

k ok ok k %
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